CONSTRUCTIONS OF NEW SYMPLECTIC 4-MANIFOLDS
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ABSTRACT. We present various constructions of new symplectic 4-manifolds
with non-negative signatures using the complex surfaces on the BMY line
c% = 9xp, fake projective planes, Cartwright-Steger surfaces and their normal
covers and the product symplectic 4-manifolds 3, x X}, where g > 1 and h > 0,
along with the exotic symplectic 4-manifolds constructed in [6, 13]. In particu-
lar, our constructions yield to (i) an irreducible symplectic and infinitely many
non-symplectic 4-manifolds that are homeomorphic but not diffeomorphic to
(2n — 1)CP?#(2n — 1)CP? for each integer n > 9, (ii) the families of simply
connected irreducible nonspin symplectic 4-manifolds that have the smallest
Euler characteristics among the all known simply connected 4-manifolds with
positive signatures and with more than one smooth structure. We also con-
struct a complex surface with positive signature from the Hirzebruch’s line-
arrangement surfaces, which is a ball quotient.

1. INTRODUCTION

This article is a continuation of the previous work, carried out in ([1] - [13]), on
the geography of symplectic 4-manifolds. For some background and concise history
on symplectic geography problem, we refer the reader to the introductions found
in [10], [8], and [11].

Our work here is greatly motivated and influenced by the recent work of Don-
ald Cartwright, Vincent Koziarz, and third author in [19] and the earlier work of
Prasad and the third author in [34, 35]. The main purpose of our article is to con-
struct new minimal symplectic 4-manifolds that are interesting with respect to the
symplectic geography problem. We study fake projective planes, Cartwright-Steger
surfaces, and their normal covers on the Bogomolov-Miyaoka-Yau line ¢ = 9y,
Hirzebruch’s line-arrangement surfaces and their quotients. By forming their sym-
plectic connected sums with the exotic symplectic 4-manifolds constructed in [6, 13],
and the product manifolds ¥, x ¥, and applying a sequence of Luttinger surgeries
along the lagrangian tori, we obtain a family of new symplectic 4-manifolds with
non-negative signatures. More precisely, we produce (i) an irreducible symplectic
and infinitely many non-symplectic 4-manifolds that are homeomorphic but not
diffeomorphic to (2n — 1)CP?#(2n — 1)CP? for each integer n > 9, (ii) families of
simply connected irreducible nonspin symplectic 4-manifolds that have the small-
est Euler characteristics among the all known simply connected 4-manifolds with
positive signatures and with more than one smooth structure. We also construct
families of complex surfaces near the Bogomolov-Miyaoka-Yau line with positive
signature using the Hirzebruch’s line-arrangement surfaces, and a new complex
ball quotient.
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Before stating our main results, let us fix some notation that will be used
throughout this paper. Given two 4-manifolds, X and Y, we will denote their
connected sum by X#Y. For a positive integer k& > 2, the connected sum of
k copies of X will be denoted by kX. Let CP? denote the complex projective
plane, with its standard orientation, and let CP? denote the underlying smooth
4-manifold CP? equipped with the opposite orientation. Our main results are the
following theorems.

Theorem 1. Let M be (2n — 1)CP?#(2n — 1)CP? for any integer n > 9. Then
there exist an infinite family of non-spin irreducible symplectic and an infinite fam-
ily of irreducible non-symplectic 4-manifolds that all are homeomorphic but not
diffeomorphic to M.

The theorem above improves one of the main results of [7, 13] where exotic
irreducible smooth structures on (2n — 1)CP24(2n — 1)CP? for n > 25 and for
n > 12 were constructed, respectively. The next theorem improves the main results
of [7, 10, 13] for the positive signature cases.

Theorem 2. Let M be one of the following 4-manifolds.
(i) (2n — 1)CP?#(2n — 2)CP? for any integer n > 9.
(ii) (2n — 1)CP%2#(2n — 3)CP? for any integer n > 10.
Then there exist an infinite family of irreducible symplectic 4-manifolds and an

infinite family of irreducible non-symplectic 4-manifolds that are homeomorphic
but not diffeomorphic to M.

Let us recall that exotic irreducible smooth structures on (2n — 1)CP?#(2n —
1)CP? for n > 12, on (2n — 1)CP?#(2n — 2)CP? for n > 14, on (2n — 1)CP2#(2n —
3)CP? for n > 13, and on (2n — 1)CP?#(2n — 4)CP? for n > 15 were constructed
recently in [13] (see also earlier work in [7], [10]). For closed simply connected
nonspin exotic 4-manifolds with signatures greater than 2, the reader may see [12].

Theorem 3. There exists a smooth complex algebraic surface W with invariants
(W) =432 and xn,(W) = 48 constructed as (Z/3Z)3-cover of CP? branched over
the Hesse configuration.

Our paper is organized as follows. In Sections 2 and 3, we discuss some back-
ground information and collect some building blocks that are needed in our con-
structions of symplectic 4-manifolds. In Sections 4 and 5, we present the proofs of
our main results. A preliminary report on this work has been presented by the first
author at Purdue University and by the second author at various research seminars.

2. COMPLEX SURFACES ON THE BOGOMOLOV-MIYAOKA-YAU LINE

2.1. Fake projective planes. A fake projective plane is a smooth complex surface
which is not the complex projective plane, but has the same Betti numbers as the
complex projective plane. The small size of the Betti numbers makes a fake pro-
jective a possible building block for construction of interesting symplectic fourfolds
with relatively simple topology. The first fake projective plane was constructed by
David Mumford in 1979 using p-adic uniformization [32]. He also showed that there
could only be a finite number of such surfaces. Two more examples were found by
Ishida and Kato [27] in 1998, and another by Keum [28] in 2006. In 2007 [34] (see
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also Addendum [35]), the third author and Gopal Prasad almost completely clas-
sified fake projective planes by proving that they fall into “28 classes”. Using the
arithmeticity of the fundamental group of fake projective planes, and the formula
for the covolume of principal arithmetic subgroups, they found twenty eight non-
empty distinct classes of fake projective planes. For a very small number of classes,
they left open the question of existence of fake projective planes in that class, but
conjectured that there are none. Finally, Donald Cartwright and Tim Steger veri-
fied their conjecture and found there are altogether 50 complex conjugate pairs of
the fake projective planes, up to isomorphism, in each of the 28 classes [18].

Since a fake projective plane is a complex two ball quotient, it carries a Kéhler
metric, the Poincaré metric, and hence supports a symplectic structure. The fact
that a Kahler surface supports a symplectic structure is used throughout the article
without further specification.

Example 1. In this example, we recall some properties of a fake projective plane
M. We refer the reader to [39] and [40], where a complete classification of all
smooth surfaces of general type with Euler number 3 is given. There are 50 pairs
of fake projective planes as classified in [34, 35, 19], allowing complex conjugation,
and one Cartwright-Steger surface to be explained in 2.2.

For fake projective planes, the Fuler characteristic and the Betti numbers of M
are e(M) = 3, by(M) = 0 and bo(M) = 1. M is a minimal complex surface
of general type with o(M) = 1, ¢1?>(M) = 3e(M) = 9 and xn(M) = 1. The
intersection form of M is odd, and has rank 1. The fundamental group 11 of M is
a torsion-free cocompact arithmetic subgroup of PU(2,1), thus M is a ball quotient
B(%/H. For 46 pairs of fake projective planes, the canonical line bundle Ky is
divisible by 3, i.e., there is a line bundle L such that Ky; = 3L. For the remaining
four pairs of fake projective planes, we know that K = 3H + 7 for some torsion line
bundle T.

2.2. Complex surfaces of Cartwright and Steger. In the process of classifi-
cation of fake projective planes in [34], Prasad-Yeung observed that there exists a
maximal arithmetic lattice I' with number fields denoted by C1; in the notation of
[34, 35] which potentially may carry a torsion-free subgroup II of index 864 in T
corresponding to Euler number 3 which will be a fake projective plane if b, = 0.
Prasad-Yeung expected that such an example would not exist, which was verified
by Cartwright and Steger in [18]. In this process, Cartwright and Steger proved
that there is a unique IT up to conjugation with [[',II] = 864 and has abelianiza-
tion Z2. This corresponds to a complex surface with irregularity ¢ = 1 and Euler
characteristic e = 3, named as Cartwright-Steger surface. It is verified in [17] that
the Cartwright-Steger surface is defined over R and is unique as a complex surface.
The Cartwright-Steger surface M is used as a building block in this paper.
For each integer n > 1, there is a homomorphism

pon: 0 —=7* 7 —7)L,

following from the fact that H;(M,Z) = Z?. Hence by considering the kernel of
pn, we find a normal subgroup II,, of II with index n. Let M,, = B?(C)/II,, denote
the quotient of a complex hyperbolic space by a torsion free lattice II,, of PU(2;1).
The Euler characteristic of M, is e(M,,) = ne(M1) = 3n. M, is a minimal complex
surface of general type with o(M,,) = n, c1?(M,,) = 3e(M,,) = 9n and x,,(M,,) = n.
The intersection form of M; is odd, indefinite and modulo torsion is isomorphic to
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3(1) ® 2(—1). The Betti numbers of M; are: 1,2,5,2 1. It is now known that M;
admits the Albanese map with the generic fiber of genus 19 [19].

2.3. The covers of Cartwright-Steger surface. The main goal is to construct
from the Cartwright-Steger surface a symplectic surface containing a curve of small
numerical invariants to be used as a building block in later discussions in Section
5.2, to be given in Lemma 3. Since explicit computation is employed, sometimes
with Magma, we summarize the idea here. We denote by M the Cartwright-Steger
surface. The idea is to construct an appropriate cover of degree 4 of M containing
an appropriate curve, both of small numerical invariants. This is achieved using
the presentation of 71 (M), in a way more subtle than the obvious construction
from the kernel of some homomorphism of Hy (M) described at the end of the last
subsection. An explicit presentation of 71 (M) was given in [18], with more details
in [19]. We will use results obtained in [19] and refer the readers to [19] for any
unexplained notations, especially the group elements to be quoted.

In one of our constructions we will be using the curves b(M,.) or b=1(M,) in
Proposition 2.4 of [19]. For simplicity, let us consider D= b(M,).

Recall that in the notation of [18] and [34], the maximal arithmetic lattice con-
sidered in this case is denoted by I' summarized in Theorem 1 of [19]. The lattice
of the Cartwright-Steger surface is denoted by II with generators given by ai, as,
ag explained in Theorem 2 of [19].

The map 7 : M = B2/Il — B2/T is a covering map of order 864. The quotient
B(% /T is represented by the right hand side of Figure 1 of [19] which we produce in
Figure 1 below.

DA DB

FIGURE 1. D4 and Dp

Let D be the projection of Don M. Disa component of 71(D4) in the picture
and m~1(D4) is an immersed totally geodesic curve. The singularities of D could
only be found in 77(P;) and 7~ 1(P,). D is a component of genus 4 in 7 1(D4).
According to Proposition 2.4 of [19], the only singular points of the curve D is given
by a point of normal crossing given by n_; (D) = 2.

Let Iz = {m € I : 7(D) = D}. By Proposition 2.4(d) in [19], Hﬁ\f) has
genus 4 by the Riemann-Hurwitz formula, see the text immediately after the proof
of Proposition 2.4(d) on page 670 of [19], and we can find explicit generators u;,
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v; of I such that [u1,v1][uz, vo][us, vs][us, v4] = 1. The following eight elements
generate Il 5:

2 -8 2 3

—1,.4 3. 2.4 —1 -
a; " J, bs = azaiazj a; j azaia, -,
2

_ 3 -1 -1.8 —
P1 = Ggay a3 J Gy

3 2 4 —-1.8 —2 —1 _ -3 3 -3
P2 = agzaiagaz0a1] az j] Gz @y Gz , P = a30102010309 ,

_ ;8 -1 -3 2.4 -2 —1 —3 _ 3, 8 =2 —1_ 2.4
p3=j°a; az°ayj asz-a; as°, pr = azai1j aiay “a; azj,
-8 -2 —1,4_3 2 —1 4 —2 .8 —2

b4 =7 20109 Gy ] A3a1Qy Ps =J a3 J Q201020109

and satisfy the single relation

5 'P3 ' Pspipaps ' papy p7 D prpeps pspy e = 1.
Here the group elements such as j is given by 1.1 of [19]. The above gives a set of
generators for 71 (D), where D is the normalization of D.

To compute i. (71 (D)) C m (M), where ¢ : D — M is the inclusion, note that
ix(m (D)) is generated by i.p;,j =1,...,8, together with loops around the nodal
point. The following two elements 71 and 72 of II satisfy 7(b=1(0)) € b(M.,), are
taken from the third table on page 41 of the arXiv version of the paper [19]:

— g3 -1 ._ -2 -1 -1 -1 _-2
T = Q3109 , T2 1= A2a7 A5 Q105 A7 Ay

Consider the subgroup T'y of T given by Ty = (T'| p1, D2, D3, Pas s, D6, D7 Dg, 175 L)
By using the Magma program, cf. [42], one verifies immediately that I'; is a nor-
mal subgroup of II of index 4, and in fact that the quotient group is Zs X Zs. No
larger subgroup of T' containing T'; could be found from Magma and hence T'; is
our candidate i, (71(D)).

In conclusion, we have the following.

Proposition 1. D is an immersed totally geodesic curve satisfying the following
properties.

(1) The normalization D of D is a Riemann surface of genus 4.
(2) D-D = -1.

(3) xm1(D) is a normal subgroup of m (M) of index 4, and (M) /i.m (D) =
Z2 X ZQ.

Denote by H the covering group (M) /i.m1(D) = Zs X Zg in Proposition 1.
We have
1 —iwm (D) = m(M)— H.
Consider now a normal unramified covering M of M with covering group given by
H. Let p: M — M be the covering map. From construction, p~1(D) consists of
four connected components. Let E be one such connected component. Then from
construction, inclusion i, (E) — 71 (M) is an isomorphism. Hence we have

Lemma 1. E is a curve of self-intersection —1 on M. The normalization of E is
a Riemann surface of genus 4. Moreover, i,m(E) — w1 (M) is an isomorphism.

This follows from construction. Note that a neighborhood of D in M is isomor-
phic to a neighborhood of E in M, as the covering is a normal covering with 71 (M)
a normal subgroup of II.
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Lemma 2. The Chern numbers of M are given by ¢2(M) = 36, co(M) = 12.
This follows from the fact that the Chern numbers involved are multiplicative.

Lemma 3. M#@Q contains a symplectic genus 5 curve X5 of self intersection
—2.

Proof. It was shown in Lemma 1 that M contains a curve E of self intersection —1,
whose normalization is a Riemann surface of genus 4. Since genus is a birational
invariant, the genus of E is 4 as well. We symplectically blow up E at its self
intersection, so that it becomes square —5 curve and the exceptional sphere e;
intersects it twice. We symplectically resolve the two intersections points of the
proper transform of E with ey, which gives us genus 5 symplectic curve X5 of self
intersection —2 inside M#CP2. (]

3. LUTTINGER SURGERY AND SYMPLECTIC COHOMOLOGY (2n — 3)(S? x S?)

We briefly review the Luttinger surgery, and collect some symplectic building
blocks that will be used later in our constructions. For the details on Luttinger
surgery, the reader is referred to the papers [31] and [14].

Definition 1. Let X be a symplectic 4-manifold with a symplectic form w, and the
torus A be a Lagrangian submanifold of X. Given a simple loop X on A, let X' be a
sitmple loop on O(vA) that is parallel to A under the Lagrangian framing. For any
integer n, the (A, \,1/n) Luttinger surgery on X is defined to be the X x(1/n) =
(X —v(A)) Uy (S' x St x D?), the 1/n surgery on A with respect to A under the
Lagrangian framing. Here ¢ : St x St x dD? — 9(X — v(A)) denotes a gluing map
satisfying ¢([OD?]) = n[N] + [pa] in H1(0(X — v(A))), where uy is a meridian of
A.

It is shown in [14] that XA x(1/n) possesses a symplectic form that restricts to
the original symplectic form w on X \ vA. The proof of the following lemma is easy
to verify and is left to the reader as an exercise.

Lemma 4.

(1) m(Xax(1/n)) =m(X—A)/N(uaX™), where N(uaA'™) denote the smallest
normal subgroup of w1 (X — A) that contains paA'™

(2) 0(X) =0(Xpa(1/n)) and e(X) = e(Xp (1/n)).

3.1. Luttinger surgeries on product manifolds ¥, x ¥, and 3, x T?. Recall
from [20, 5] that for each integer n > 2, there is a family of irreducible pairwise
non-diffeomorphic 4-manifolds {Y;,(m) | m = 1,2,3,...} that have the same integer
cohomology ring as (2n — 3)(S? x §?). Y,,(m) are obtained by performing 2n + 3
Luttinger surgeries (cf. [14, 31]) and a single m torus surgery on 33 x ¥,. These
2n + 4 torus surgeries are performed as follows

(1) (all X cllaalla _1)7 (bll X Cllla /1’ _1)7 (CL’2 X 0/27a/27_1)7 (b/2 X C/2/’ /2’ _1)7
(X ok D), (@ X oy 1), () X oo i), (0 o bim),
together with the following 2(n — 2) additional Luttinger surgeries
(b} x cy,ch,—1), (b x dy, dy,—1), ..., (by xch,ch,—1), (byxd,, d,, —1).

ny“n ny Yns
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Here, a;,b; (¢ = 1,2) and ¢j,d; (j = 1,...,n) denote the standard loops that

generate 7 (X3) and m1(X,,), respectively. See Figure 2 for a typical Lagrangian
tori along which the surgeries are performed.

x ye

'QQ ~
'Q@ ~
8

FIGURE 2. Lagrangian tori a; x ¢ and a; x d;

Since m-torus surgery is non-symplectic for m > 2, the manifold Y, (m) is sym-
plectic only when m = 1. Using Lemma 4, we see that the Euler characteristic
of Y, (m) is 4n — 4 and its signature is 0. m(Y,,(m)) is generated by a;, b;, c;, d;
(i=1,2and j=1,...,n) and the following relations hold in (Y, (m)):

(2) [bl_ladl_l] = ar, [al 7d ] - bl? [b2_17d2_1] = a2, [a‘2 7d ] - b27
[dl_lv b2_1] = C1, [Cl 7b2] =dy, [d2_17 bl_l] = €2, [82 ’bl] = dy,
[alacl] = 17 [alaCQ} = 17 [aladQ] = 13 [bhcl]

[a27cl] = ]-7 [a2762] = ]-7 [a27d1] = 1) [b2702] 7
[alabl}[a%b?] =1, H[ijdj] =1,
j=1
[afl’d?jl] = C3, [agl’c?:l] = d37 R [a;l,dn ] = Cn, [a2 1,Cn1] - dnv

[bl,Cg] = 1, [bg,dg} = 1, ey [bl,cn] = 1, [bg,dn] =1.

The surfaces Yo x {pt} and {pt} x X,, in ¥y x X,, are not affected by the above
Luttinger surgeries, and descend to surfaces in Y, (m). They are symplectic sub-
manifolds in Y,,(1). Let us denote these symplectic submanifolds in ¥;,(1) by X9
and ¥,. Note that [$5]? = [$,]2 = 0 and [32] - [X,] = 1. Let u(X2) and u(S,)
denote the meridians of these surfaces in Y, (m).

Next, we consider a slightly different construction. Let us fix integers n > 2,
and m > 1. Let Y, (1,m) denote smooth 4-manifold obtained by performing the
following 2n torus surgeries on 3, x T?:
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(3) (a/l X Clva,17_1)7 (bll X CN7 /17_1)a
(ah x ', ah, —1), (b x "’ by, —1),
(ar,_1 x ¢ ap_q,=1), (b,_y x " by, _q,—1),
(a,, x ', c,+1), (a xd,d,+m).
Let a;,b; (i = 1,2,---,n) and ¢,d denote the standard generators of m(X,)
and 71(T?), respectively. For fixed integers n > 2, m > 1, p > 1 and ¢ > 1,

Y,.(1/p,m/q) denotes smooth 4-manifold obtained by performing the following 2n
torus surgeries on ¥, x T?:

(4) (all X C/7a/17 _l)a (bll X CH7 /17 _l)a
(ahy x ', ah, —1), (by x c”, by, —1),
(a;z—l x Cl7a';L—1’ 71)7 (b/n—l X CN, :z—l’ *1)a
(al, x ', c,+1/p), (al xd',d',+m/q).
Since all the torus surgeries listed above are Luttinger surgeries when m = 1 and
the Luttinger surgery preserves minimality, Y,,(1/p,1/q) is a minimal symplectic
4-manifold. The fundamental group of Y,(1/p,m/q) is generated by a;,b; (i =

1,2,3--- ,n) and ¢,d, and Lemma 4 implies that the following relations hold in
m1 (Y, (1,m)):

(5) [bfl’d_l] =ai, [afl7d] = b, [b51>d_1] = az, [a;l,d] = b,
[br:ilvdil] = anp—1, [a;ilvd] = bn—la [dilvbgl] = ¢, [Cilvbn]_m = d7
[a1,c] =1, [b1,c] =1, [ag,¢]=1, [b,c]=1,
[ag,C] = 17 [b?nc] = 17
[anfhc] = 1> [bn,hC] = 1)
[a‘nvd = 17 [a‘nad] = 17
[alabl}[a2762] e [an;bn] = 17 [C7 d] =1

Let us denote by 3! C ¥;,(1,m) a genus n surface that descend from the surface
¥, x {pt} in 3, x T2

4. CONSTRUCTIONS OF EXOTIC 4-MANIFOLDS WITH NONNEGATIVE SIGNATURES
FROM CARTWRIGHT-STEGER SURFACES

In this section, we will construct families of simply connected non-spin symplectic
and smooth 4-manifolds with nonnegative signatures and small x;. We consider the
surface M constructed above (Section 2.3), with ¢(M) = 36 and e(M) = 12. Using
the formulas o = (¢ — 2¢)/3 and x, = (e + 0)/4, we have o(M) = x,(M) = 4.
Recall that by Lemma 3, M#CP? contains a genus 5 symplectic curve X5 of self
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intersection —2 and 7,71 (X5) — 71 (M#CP?) is a surjection. In our construction
of symplectic 4-manifolds with nonnegative signatures, M#CP? along with 25 will
serve as our first building block. For our second building block we will use the
minimal, simply connected and symplectic 4-manifolds X, ;42 and X, 441 for which
the following theorems hold:

Theorem 4. For any integer g > 1, there exists a minimal symplectic 4-manifold
Xg,g+2 obtained via Luttinger surgery such that

(i) Xg,g+2 is simply connected
(i) e(Xgg+2) = 4942, 0(Xgg+2) = =2, €] (Xg g12) = 89—2, and X (Xg,g+2) =
g.
(i) Xg g+2 contains the symplectic surface ¥ of genus 2 with self-intersection
0 and 2 genus g surfaces with self-intersection —1 intersecting ¥ positively
and transversally.

Theorem 5. There exists a minimal symplectic 4-manifold X, 441 obtained via
Luttinger surgery such that

(i) Xg,g+1 ts simply connected
(i) e(Xgg+1) =4g+1, 0(Xggi1) = —1, F(Xg,g12) = 89—1, and xn(Xg,g41) =
g.
(i) X4 441 contains the symplectic surface ¥ of genus 2 with self-intersection
0, and genus g+ 1 symplectic surface with self-intersection 0 intersecting
Y positively and transversally.

Proof. For the details of the constructions of X, 442 and X 1, we refer the reader
to [6] and [3]. O

4.1. Symplectic and smooth manifolds with (o, x,) = (0,9). In this construc-
tion, our first building block is M #CP? containing genus 5 symplectic surface X5
of self intersection —2. For our second building block, we use X; 3 in the notation
of Theorem 4.

Let us recall the construction of X; 3. In constructing X 3, we first obtain a sym-
plectic genus 2 surface Y5 with self-intersection 0, with two —1 spheres intersecting
it positively and transversally in T4#2@2. In addition, there are symplectic tori
T? of self intersections zero each of which intersects Yo positively and transversally
once. Next, we form the symplectic connected sum of T4#2@2 with Yo x 3
along the genus two surfaces 3y and Yo x {pt}. By performing the sequence of 6
appropriate +1 Luttinger surgeries on (T4#2@2)#22:g2x{pt}(22 x ¥1), we obtain
the symplectic 4-manifold X; 5. Therefore, we see that X; 3 contains a symplectic
surface Yo with self intersection 0 and two tori T} and T5 with self intersections —1
which have positive and transverse intersections with ¥5. Note that T7 and T5 result
from the internal sum of the punctured exceptional spheres in T4#2@2 \ v(22)
and the punctured tori in X9 x 3q \ v(22 x {pt}). Moreover, there are genus 2
surfaces of self intersections 0 inside X; 3. Each of them comes from the internal

sum of the one of the punctured tori in T4#2@2 \ v(32) and one of the punctured
tori in Xo x X1 \ v(Z2 x {pt}). Such a genus 2 surface X} of square zero intersects
Y5 positively and transversally at one point. We symplectically resolve the inter-
sections of ¥y with 77 and Yo with 35. Thus we obtain a genus 5 surface X5 of
square +3 in X; 5. By blowing up 35 at one point, we obtain a genus 5 surface ¥f
of square +2 in X; 3#CP2.
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Since the two symplectic building blocks M#CP? and X; 34CP? contain sym-
plectic genus 5 surfaces of self intersections —2 and +2 respectively, we can form
their symplectic connected sum along these surfaces X5 and 3f. Let

Myg = (]\;[#@2)#25:2;; (X1,3#CP?).
Lemma 5. 0(Myg) =0, xn(Moo) =9, e(Moyg) = 36 and C%(Mug) =T72.

Proof. We have o(Myg) = o(M#CP?) + o(X,3#CP?) = 3 + (=3) = 0 and
Xh(MQQ) = Xh(M#C]P)Q) + Xh(XLg#C]PQ) + (5 - 1) =4+14+4=29. Conse-
quently, we compute e(My o) and c¢3(Mpg) as given in the statement. O

Next, we show that My g is an exotic copy of 17@]?2#17@2 and My g is also
smoothly irreducible. Notice that Mj g is symplectic and simply connected, which
follows from Gompf’s Symplectic Connected Sum Theorem [21] and Seifert-Van
Kampen’s Theorem respectively. Using Freedman’s classification theorem for simply-
connected 4-manifolds and the lemma above, M ¢ is homeomorphic to 17@1@2#17@2.
Since My g is symplectic, by Taubes’s theorem it has a non-trivial Seiberg-Witten
invariant. Next, by appealing to the connected sum theorem for the Seiberg-Witten
invariants, we deduce that the Seiberg-Witten invariant of 17CP?#17CP? is trivial.
Thus, Mg is not diffeomorphic to 17CP2#17CP2. Furthermore, My, is a mini-
mal symplectic 4-manifold by Usher’s Minimality Theorem [38]. Since symplectic
minimality implies smooth minimality My g is also smoothly minimal, and thus is
smoothly irreducible [23].

Finally, by applying Theorems 3.6, 3.7 and Corollary 3.8 of [13] we also obtain in-
finitely many irreducible symplectic and infinitely many irreducible non-symplectic
4-manifolds that is homeomorphic but not diffeomorphic to (2n — 1)CP2#(2n —
1)CP? for any integer n > 9.

4.2. Symplectic and smooth manifolds with (o, xx) = (1,9). Similar to the
previous case, we use M#CP? containing genus 5 surface 25 of self intersection —2,
and X 2#CP? in the notation of Theorem 5, constructed in [6].

To construct X 2, we first obtain a symplectic genus two surface of self intersec-
tion 0 in T4#@2 as follows. Let us take a copy of T2 x {pt} and the braided torus
Tp representing the homology class 2[{pt} x T?] in T? x T2. The tori T? x {pt}
and T} intersect at two points. We symplectically blow up one of these two inter-
section points, and symplectically resolve the other intersection point to obtain the

symplectic genus two surface X9 of self intersection 0 in T4#@2. Note that the ex-
ceptional sphere S? intersects ¥y positively and transversally twice. Next, we form
the symplectic connected sum of T4#@2 with Yo x 3 along the genus two sur-
faces Yo and Xg x {pt}. By performing the sequence of 6 appropriate =1 Luttinger
surgeries on (T4#@2)#22:22X{pt}(22 x ¥1), we obtain the symplectic 4-manifold
X1 2. It was shown in [6], X; 2 is an exotic copy of CPQ#Z@Q. Observe that as a
result of the internal sum of the twice punctured sphere S? in T4#@2 \ v(22) and
the twice punctured tori in 35 x X7 \ v(X2 X {pt}), we acquire a symplectic genus
2 surface of self intersection —1 in X o intersecting ¥ positively and transversally
twice. We symplectically resolve the two intersections and get symplectic genus
5 surface of square +3 in X; . We blow up this surface at one point and obtain
symplectic genus 5 surface Y of self intersection +2 in X o#CP2.
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Let us define
Mg = (M#CP?)#ts, s, (X1 2#CP?).

Lemma 6. 0(Mi9) =1, xn(M19) =9, e(M1,9) =35 and C%(MLQ) =73.

Proof. We have o(M ) = o(M#CP?) + o(X,2#CP?) = 3+ (-2) = 1 and
Xh(Ml,Q) = Xh(M#@z) =+ Xh(Xl,Q#@Q) =+ (5 — 1) =4 =+ 1 =+ 4 = 9 COHSG—
quently, we compute e(Mj ) and cZ(M; 9) as given. O

Similarly, using Lemma 6 and the above mentioned theorems, we show that the
minimal symplectic 4-manifold M ¢ is an exotic copy of 17CP*#16CP" .

4.3. Symplectic and smooth manifolds with (o, x7) = (1,10). To construct
simply connected, symplectic and smooth 4-manifolds with (o, xp) = (1,10), we
use M#CP? containing genus 5 curve Y5 of self intersection —2 and Xo.4 in the
notation of Theorem 4.

For the convenience of the reader, we briefly review the construction of Xs 4.
Take a copy of T? x {pt} and {pt} x T? in T? x T? equipped with the product
symplectic form, and symplectically resolve the intersection point of these dual
symplectic tori. The resolution produces symplectic genus two surface of self in-
tersection +2 in T? x T2?. By symplectically blowing up this surface twice, in
']I“l#Q@Q7 we obtain a symplectic genus 2 surface 3o with self-intersection 0, with
two —1 spheres (i.e. the exceptional spheres resulting from the blow-ups) inter-
secting it positively and transversally. We also note that 3 has a dual symplectic
torus T? of self intersection zero intersecting 3o positively and transversally at one
point. Next, we form the symplectic connected sum of T4#2@2 with Yo X 3o
along the genus two surfaces 35 and 3o x {pt}. By performing the sequence of 8
appropriate =1 Luttinger surgeries on (T4#2@2)#22:22X{pt}(22 X Xg), we obtain
the symplectic 4-manifold X3 4.

It can be seen from the construction that, there are genus 3 surfaces of self
intersections 0 inside Xs4. Each of them comes from the internal sum of the
one of the punctured tori in T4#2@2 \ v(32) and one of the punctured genus
two surfaces in Yo x 3g \ (32 x {pt}). Such a genus 3 surface of square zero
intersects X9 positively and transversally at one point. We symplectically resolve
this intersection and obtain a genus 5 surface Xf of square +2 in Xy 4.

Since the two symplectic building blocks M#CP? and X5 4 contain symplectic
genus 5 surfaces of self intersections —2 and +2 respectively, we can form their
symplectic connected sum along these surfaces 35 and Xf. Let

M 10 = (M#@Q)#ZS:Z’SXQ,4~
Lemma 7. O’(MLlQ) = 1, Xh(Ml,IO) = 10, e(Ml,lo) =39 and C%(MI,IO) = 81.

Proof. We have o(Mj 10) = 0(]\2#@2)4—0()(2,4) =3+ (—2) =1and x,(Mi,10) =
Xn(M#CP?) + x4 (X2.4)+ (5—1) = 4+2+4 = 10. Using the formulas ¢? = 30+ 2¢
and e = 4y, — o, we compute e(Mj 1) and 3 (M 10) as given. ]

Similarly, using Lemma 8 and the above mentioned theorems, we show that
M 10 is an exotic copy of 19@?2#18@2.
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By applying Theorems 3.6, 3.7 and Corollary 3.8 of [13] we also obtain infin-
itely many irreducible symplectic and infinitely many irreducible non-symplectic 4-
manifolds that is homeomorphic but not diffeomorphic to (2n —1)CP2#(2n —2)CP?
for any integer n > 9.

4.4. Symplectic and smooth manifolds with (o, x,) = (2,10). In this case,
the first symplectic building blocks is M#CP? along the genus 5 surface X5 of self
intersection —2. Our the second symplectic building block is X5 3 in the notation
of Theorem 5, which was constructed in [6].

Let us recall the construction of X53. We take a copy of T? x {pt} and the
braided torus T representing the homology class 2[{pt} x T?] in T? x T? (see [6]
for the construction of Tj). The tori T? x {pt} and T intersect at two points.
We symplectically blow up one of these intersection points, and symplectically
resolve the other intersection point to obtain the symplectic genus two surface of
self intersection 0 in T4#@2 (see [6]). The symplectic genus 2 surface X3 has a
dual symplectic torus T? of self intersections zero intersecting Yo positively and
transversally at one point. We form the symplectic connected sum of T4#@2 with
Y9 x X5 along the genus two surfaces 3o and 3o X {pt}. By performing the sequence
of 4 appropriate +1 Luttinger surgeries on (T4#@2)#22222X{pt}(22 x Yg), we
obtain the symplectic 4-manifold X3 3 constructed in [6]. It can be seen from the
construction that, X, 3 contains a symplectic surface X3 with self intersection 0,

resulting from the internal sum of the punctured torus in T4#@2 \ v(X2) and
one of the punctured genus two surfaces in Yo X Yo \ v(Zg x {pt}). X3 intersects
35 positively and transversally at one point. (The reader may see Section 5.3
and Figure 7 in [13] showing the construction steps for a similar case.) We now
symplectically resolve their intersection which gives genus five surface 3f of self
intersection +2 in X 3.
Let R
My 10 = (M#CP?*)#5, -5 (X2,3).
Lemma 8. O’(MQJQ) = 2, Xh(M2,1O) = 10, e(MQ,lo) = 38 and C%(Mz’lo) = 82.

Proof. We have o(My10) = o(M#CP?) +0(Xa,3) = 3+ (—1) = 2 and x5 (Ma,10) =
Xn(M#CP?) + xp(Xa3) + (5 — 1) = 4+ 2+ 4 = 10. Consequently, we compute
G(Mg’lo) and C%(Mg’lo). O

Similarly, using Lemma 8 and the above mentioned theorems, we see that Ms 19

is an exotic copy of 19@1@2#17@2 and it is also smoothly irreducible. Moreover,
by Theorems 3.6, 3.7 and Corollary 3.8 of [13] we also obtain infinitely many irre-
ducible symplectic and infinitely many irreducible non-symplectic 4-manifolds that
is homeomorphic but not diffeomorphic to (2n—1)CP2#(2n—3)CP? for any integer
n > 10.

Remark 1. In this remark, we discuss how to obtain a minimal symplectic 4-
manifold with the fundamental group Zo and (o,xn) = (0,8). Since e = 4xp, —

o = 32, such a symplectic 4-manifold yields to a homology 15((:]?2#15@2 with
m1 = Zo. Since the covering group of the complex surface M (see Proposition 1)
is Zo X Zs, it has a degree two unramified covering. Let us consider the mormal
unramified covering Ms of M with covering group given by index two subgroup
H' of m(M). Letp: My — M be the covering map. Notice that in this case
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the pull-back of D under this Zo covering is not isomorphic to the fundamental
group of the ambient manifold, but rather a normal subgroup of index 2. Using
the symplectic pair (Ma#CP?,%5) instead of (M1#CP? %5), and (Xa3,%%) in our
above constructions (see 4.4) leads to the symplectic 4-manifold with (o, xn) = (0,8)
and m = Zo.

5. CONSTRUCTION OF A SMOOTH COMPLEX ALGEBRAIC SURFACE ON THE BMY
LINE

In this section, we construct a smooth complex algebraic surface with invariants
K? = 432 and x; = 48. This complex surface of general type is on the BMY line
¢? = 9xs, and thus is a ball quotient. It is obtained as an abelian covering of
the complex projective plane branched over an arrangement of 12 lines shown as in
Figure 3, known in the literature as the Hesse configuration. Such complex surfaces
with bigger invariants, K2 and x;,, was initially studied by Friedrich Hirzebruch (for
example, see [25], page 134). Our construction is motivated and similar in spirit to
that of Bauer-Catanese in [16], where the complex ball quotients are obtained from
a complete quadrangle arrangement in CP?.

In CP?, let us consider the Hesse arrangement H, which is a configuration of
9 points p; (1 < ¢ < 9) and 12 lines I; (1 < j < 12), such that each line passes
through 3 of the points p; and each point lies at the intersection of 4 of the lines [;
(see Figure 3). We blow up CP? at the points p1, - - - , pg, and denote the blow up

map by 7 : T := CP? — CP?. Let E; be the exceptional divisor corresponding to
the blow up at the point p; for i = 1,---,9. In the sequel, we will slightly abuse
our notation and denote the proper transform of a line /; using the same symbol,
or I; when distinction is needed.

Let us now take the formal sum of the proper transforms [; of the 12 lines of the
arrangement and the 9 exceptional divisors E;’s, and denote it by D. The divisor
D in T has only simple normal crossings. The homology classes of simple closed
loops around the [;’s and the E;’s generate Hi(T — D,Z). Let us denote a loop
encircling a line E; or [; by using the same letter. Then for each i =1,---,9, the
class of E; can be written as a sum of the homology classes of 4 loops around the 4
lines intersecting F;. To illustrate this, notice that we have Fy =11 + 4 4+ l7 + l19
and similar relations hold for the other E;’s. Moreover, the sum of the homology
classes of 12 loops [;’s are 0, which shows that H,(T' — D, Z) is a free group of rank
11.

It is known that a surjective homomorphism ¢ : Z' ~ Hy (T — D, Z) — (Z/3Z)3

determines an abelian (Z/3Z)3-cover p : W — T = CP?. We need that p is branched
exactly in D. Let us define ¢ as follows:

e(lh) = (1,0,0),(l2) = (0,1,0), 0(l3) = (0,0,2),
¢(la) = (1,1,0),0(l5) = (1,0,1), 0(ls) = (0,2,1),
e(l7) = (1,1,1),0(ly) = (1,1,2),0(lh2) = (1,2,1),
o(ls) = (2,1,1), (o) = (1,0,1),¢(l11) = (0,0,2).

We note that ¢(l1) + - - ¢(l12) = 0. Moreover each of the following is linearly
independent (i.e. they are in different subgroups of (Z/3Z)3 of order 3, equivalently
they generate a subgroup isomorphic to (Z/37Z)?%):
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{el1), (l2)}; {e(l1), ()} {e(l2), v(l3)};

{e(la), ls)}; {o(la), (le)}; {e(ls), v(ls)};

{e(lr), o(lo)}; {e(lr), p(li2) }; {elo), p(li2) };

{e(ls), o(l0)}; {e(ls), (i)} {e(lio), p(lin)}-

Then we have

e(Er) =l +1a+ 17 +1o) = (1,2,2),  @(E2) = @(la+ s+l + 1) = (2,0,1),
o(Bs) =z +latlha+1s) =(1,1,1), @(Bs) =9l +15+1ln+h2)=(0,2,1),
o(EBs) = p(l2 +15 + 17 +1s) = (1,0,0),  @(Es) = ¢l + 5 + 1o + l1o) = (0,1,0),
o(Br) = ¢l +ls+1s+1o) = (1,1,1), @(Es) = (2 + s+ l12 + l10) = (2,2,0),
©(Ey) = (I3 + 16 + Iz + 111) = (1,0,0).

In addition, p(l1 + 1o + 13+ 17 + 19+ 110) # (0,0,0). These conditions ensure that ¢
gives a (Z/3Z)® Galois cover branched exactly in D (see Lemma 2.3, part 1 in [16],
also [41]).

We also note that each of the following are linearly independent (i.e. they are
in different subgroups of (Z/3Z)3 of order 3):

©(E1) and ¢(1;), i =1,4,7,10; p(F2) and ¢(l;), i = 2,4,9,11;

QD(E?)) and QO(ZZ), i = 3745 12, 8; @<E4) and Lp(h)? i=1,511,12
¢(E5) and ¢(l;), i = 2,5,7,8; p(Ee) and ¢(l;), i = 3,5,9,10;
SD(E7) and @(lt)v 1= 1767 87 97 ()O(ES) and Sa(ll ) 1= 27 67 125 105

w(Eg) and ¢(l;), 1 = 3,6,7,11.
Moreover, D has simple normal crossings, we deduce that the total space W is
smooth (see Lemma 1.4 in [41]).
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Let us compute some invariants of the surface W, and verify that c?(W) =
K32, =432 and x,(W) = 48.

Let H be the divisor class corresponding to the invertible sheaf O(1) on CP?.
The canonical sheaf wep2 of CP? is O(—2 — 1) = O(—3) which corresponds to the

9
canonical divisor —3H. Then, the canonical divisor K7 of T is —3H + > E; where

i=1
we denoted the pullback of H by itself. By using the canonical divisor formula for
abelian covers (Proposition 4.2 in [33]), we compute

) 9 5 2 9 9
Kw = p ((—3H+§Ei) n ggE T 3(12H—4;(EZ-))

Since H-E; =0, H?> = 1 and E? = —1, the above equality gives K3, = 27(25—9) =
432.
The Euler number e(W) of W can be found as follows.

e(W) = 27¢(CP? = CP2#0CP?) — 18 - 21¢(CPY) + 12 - 48 = 144.

Thus ¢2(W) = 3ce(W), and W is a ball quotient. Since 12x,(W) — c2(W) =
e(W), we have x5, (W) = 48. In summary, we proved the following theorem.

Theorem 6. There exists a smooth complex algebraic surface W with invariants
(W) =432 and xn,(W) = 48 constructed as (Z/3Z)3-cover of CP? branched over
the Hesse configuration.

Now we consider the map 7o p : W — CP?, where 7 is the blow up map, p is
the abelian cover. Let us take p;, one of the blown up points in CP? which is the
intersection point of ly,14,17,110 (see Figure 3). The pencil of lines in CP? passing
through p; lifts to a fibration on W. To determine the genus of the generic fiber of
this fibration, we take a line K passing through p; such that its only intersection
with the lines l1,l4,17,110 is p1. In addition, K intersects the remaining 8 lines of
the arrangement. These 8 intersection points and the point p; are 9 branch points
on K. The preimage of the proper transform K — F; of K in W, which is the
generic fiber of the given fibration, is a degree 3 cover of K — FEy (cf. [15], p.241),
branched at 9 points. For the determination of the genus g of the surface above
K — FE1, we apply the Riemann-Hurwitz ramification formula

(6) 29—2=9(-2)+9-8= g =28

Therefore, generic fibers are of genus 28 surfaces. Moreover, there are at least 9
distinct fibrations in W coming from the points p;’s.

Let us consider the 12 lines I; of the Hesse arrangement and determine their
inverse images in W under m o p. We observe that on each [, j = 1,---,12, there
are 5 branch points. By the Riemann-Hurwitz formula, we have

(7) 20—-2=9(-2)+5-8=g=12.

Therefore, they lift to genus 12 curves. To find their self-intersections, we apply
the adjunction formula. Firstly, we note that each [; is blown up at three points,
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say Pk, Pl, Pm- For its proper transform ZNJ- in CP?, we have
(8) ;)= H —~ Ey — E; — E,,.
Thus,

9
wamﬂ:w%waE:&yngﬁfﬂfEm)
i=1

=95—-1-1-1)=18.

Using the adjunction formula 2g—2 = 22 = Ky - [$12] + [212]?, we have [2;5]? = 4.
On the other hand, on each exceptional sphere F;, there are 4 branch points. Thus,
their preimages are genus 8 curves in W:

(9) 29—2=9(—2)+4-8=g=28.

Similarly as above,
9
Kw - [Xs] = " ((5H Y Ei)- (Ei)) =9
i=1

and by the adjunction formula we have 2g — 2 = 14 = Ky - [Xg] + [Zs]?; which
shows that [Zg]? = 5.

Let us reconsider the pencil of lines in CP? passing through p; and take the
line I;. The preimage of its proper transform [; is a genus twelve surface X5 with
self-intersection +4 in W. The exceptional divisors E;, E4 and E7 intersecting
l~1 lift to genus 8 curves with self-intersections +5, each of which intersects i
transversally once. Notice that the lift of F gives rise to a section, and the union
of lifts of the exceptional divisors Ey, E7, and the proper transform of intersecting l;
corresponds to a singular fiber of the given fibration. We symplectically resolve their
three transversal intersection points and obtain genus 36 symplectic submanifold
of W with self intersection +25. As in Section 2.3 of [13], we have the following
proposition.

Proposition 2. W#25CP? contains an embedded symplectic genus 36 curve Y36
with self intersection 0. Furthermore, there is a surjection f, : w1 (X3¢) — 71 (W #25CP?).

We note that by Proposition 2 and symplectic surgeries, one can obtain exotic 4-
manifolds on the positive signature region. However, since the Euler characteristics
of these manifolds are big, we do not include them here.
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